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Abstract. We consider a two-dimensional diffusion process I(t) =
[Z4(t),Z,(t)] that lives in the half strip {0 SZJ £1,0<Z,< = On
the interior of this state space, Z behaves like a standard Brownian
motion (indpendent components with zero drift and unit variance), and there
is instantaneous reflection at the boundary. The reflection is in a
direction normal to the boundary at Z1 = 1 and Z2 = 0, but at Z1 =0
the reflection is at an angle 0 below the normal (0 < 6 < n/2).

This process Z 1is shown to arise as the diffusion limit of a certain
tandem storage or queueing system. It is shown that Z(t) has a
non-defective limit distribution F as t + e, and the marginal
distributions of F are computed explicitly. The marginal limit
~distr1bution for Z1 1s uniform (this result is essentially trivial),

but that for Z; is much more complicated.
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A Tandem Storage System and Its Diffusion Limit

J. Michael Harrison
Stanford University

L.A. Shepp
Bell Laboratories

1. Introduction and Susmary

This paper is concerned with approximate analysis of a certain
discrete-time storage process. The physical system giving rise to
this two-dimensional process is pictured in Figure 1 below. It consists of
a buffer (or dam or reservoir) having finite capacity b, followed by
another buffer having infinite capacity. We denote by S: and 55 the
contents of the finite buffer and the Infinite buffer respectively at time
t=0,1 ... . Imposing very particular assumptions on the input process
to the first buffer, the transfer process between buffers, and the output
process from tl;e second buffer, we study here the approximate behavior of
the storage process St = (S:, S:) as b+ o, To be more specific, let us
define a continuous-time process s'(t) = [S:(t), S;(t)] by setting

(1.1) st(t) =4 ! and Si(t) =% s?
TR T2y T T2 T T2y

for t > 0, where [x] denotes the integer part of x (the largest
integer less than or equal to x). There is a two-dimensional diffusion
process Z such that S* converges weakly to Z as b + =, and we would

like to determine the steady-state behavior of Z.




---------------------------------------

At the boundary, Z reflects instantaneously. On the sides Zy =1 and
Zz = 0 we have what is called normal reflection. On the side Z1 = 0

there is oblique reflection in the direction pictured in Figure 2, where
a= 1o and o2 1is the variance parameter introduced in Figure 1. The
precise meaning of this boundary behavior will be explained in §3. In §4
it will be shown that P{Z(t) <y} +F(y) as t + =, where F is a non-
defective distribtion on the strip I, and this limit distribution (or

il n YWy ey r ’
P FONRSOA  BITUABAS 7 KR

steady-state distribution) will be shown to satisfy a

2
-y 2,
1
X a ~ ~1
.. | a
. ¥ ——
¥ z
- 0 1 !
-
4
E—- Figure 2. State Space I and Angles of Reflection
. for the Diffusion Limit Z
2
4
s certain adjoint relation. Using this adjoint relation and Wiener-Hopf
techniques, we calculate the marginal distributions of F in §5.
ﬁ" The marginal steady-state distribution of Zq 1is uniform, which
— follows immediately from the fact that Zy 1is a one-dimensional standard
8 3
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Brownian motion constrained to [0,1] by reflecting barriers. But the
marginal steady-state distribution of 2,

G(z) = F(1,8) , u>o,

is much more complex. Let

(1.2) ezxr(-2ro -8 rd,
(1.3) plu) = (1 . ™) B/x . 50,

MY SIS arv AT S e
sbal i ey ottt
N e e

where 6 = tan-1 a as in Figure 2, and TI(e) is the standard gamma

function

rs)=f et e ta, $>0.
0

It will be shown that cp(u) 1s a probability density function on (0,=)
with mean 1/a, and that this distribution describes the asymsptotic
behavior of a certain increasing process assoclated with the boundary

Zq = 0. Our main result is the following.

(1.4) Theorem. C(dZ) = g(Z)dz where g(Z) = a [~ cp(u)du.

From (1.4) it follows that the steady-state marginal distribution G has

Laplace transform

L ‘._7_1

R————
- - - .

A ¢




i > e
.'II J,,_," PELTSL
.t N P A A

T S

o AR R/
R A

I"."'.'.'}I - - o e
LN

s

-

N

--------

transfer between the two buffers. As a convenient normalization we can

2

assume that Var(ug) =1, and then we set o = Var(u:). These notational

conventions are also displayed in Figure 1. For simplicity we take
s", = sg = 0, meaning that both buffers are initially empty.
The content process for the finite buffer is now defined inductively

by
0, it 02s)  +ul -yl

2.3 sl=¢sl vl -ul, ar0ogs] el -ulcn
b, it sl el -ulon

for t =1, 2, ... . This is of course the standard construction for the

content process of a finite dam in discrete time [6]. Actual input to the

dam during period t may be less than the full potential input u2

because of the capacity restriction, and actual output may similarly be

less than the full potential output u‘

» because of the restriction

S} > 0. Defining

1_.0 1
(2.4) ; Xe U - U,

0. 1 1 +
(2.5) Ye € [St_1 + X, - b] ’
and

1. 1 14-
(2.6) yt = [St-1 + xt] 9

we observe that yg represents lost potential input to the finite buffer

during period t, and y: represents lost potential output from the finite

buffer, which amounts to lost potential transfer between the two buffers

'''''

— o




buffer, which amounts to lost potential transfer between the two buffers

pictured in Figure 1. That is, actual input to the finite buffer during
period t 1is ug-yg, actual transfer between the two buffers during period
t is u:-y:, and (2.3) is equivalent to (2.4)-(2.6) plus

(2.7) S,

for t=1, 2, ... . Having established that the actual input to the
infinite buffer during period t is u: - y:, we can define the content

process for the infinite buffer inductively by setting

we see that y_ represents lost potential output from the infinite buffer

t

2 1 1 2 2 1 2
‘ St_1 +U - Yt Y, if S':_1 + U =Y, ut_z 0
2 -
(2.8) St = l
0 otherwise
for t = 1, 2, see o Defining
2 _ 1 2

(2.9) Xg T U - Uy
" 2 _ rel 2 1,-
..'_ (2.10) yt = [st-1 + xt - yt] ]
: 2
L'.
: during period t. That is, actual output during period t 1is ui-yf, and
¥
- (2.8) is equivalent to (2.9)-(2.10) plus
2 1. .2
:: (2.11) S: = St_1 + Xs - yt + yt [ for t = 1’ 2, see o
f To derive an equivalent and very useful characterization of the
h storage process S, let us define the cumulative quantities
o

O AP PP L A UL U VST SOMIE SRS VN WU ST YU W T Vo3 i) . e i PP RS R Sy e PR
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(2012) xt s X1 + o0 4 xt '} fot t = 0, 1, es- and k = 1’ 2’
(2.13) YK = yK k t =1, 2 k=0, 1, 2
. Yttt Y or t=1,2, ... and =0, 1, 2,

have

1 _ 1 1 0
(2.14) St = Xt + Yt - Yt ’

2 _ 2 1
(2.15) 2=+ V-

for t=0, 1, ... . By construction we have

(2.16) 0<sl<b and  SZ20 for t =0, 1, ...
and one can easily verify that

1.1 1 . ) )
(2.47)  slav] = (b-S) a¥? - s2av2 = 0 for t=1,2 oo

where AY: H Y: - Y:_1 = y:. Obviously (2.16) and (2.17) together require
that AY: = 0 except when S: =0, that AYg = 0 except when S: = b, and
that AY% = 0 except when S% = 0.

We now define the normalized continuous-time storage process
s"(t) = [S](t), S,) by applying to S the transformation (1.1). In a
similar vein, let X"(t) = [X](t),X3(t)] and Y'(t) = [Yg(t),Y](t),Y5(t)]

be defined by

2

(2.18) xT(e) = 1 x! Xt =1 x ,
1 13 253 X2

2]
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(2.19) mu)=5W

* 1 1 * 1 2
2] " Y,(t) =B-Y[b2 » Yplt) =— ¥

t) t) (b2t)

for t > 0. Obviously X* is right-continuous with left-hand limits
(RCLL), and from (2.7), (2.11), and (2.14)-(2.17) it follows that Y* and

S* have the following properties:

(2.20) Y, 1is RCLL and non-decreasing with Y, (0) =0  (k = 0, 1, 2),
(2.21) S)(t) = X3(t) + Yy(t) - Yolt)
(2.22) Sy(t) = Xy(t) + Yy(t) - avj(t)  where a 5-% ,
(2.23) 0<S)(t) <1 and  Sy(t) 20,
t » » t » % t * *
(2.28) [ Si(u) dYi(u) = [ [1-5,(w)] d¥y(u) = [ S,(u) dY,(u) =0
0 0 0

for all t > O, where the integrals in (2.24) are defined path-by-path in
the Lebesgue-Stieltjes sense. (These integrals do not exist in the
Riemann-Stielt jes sense because, for example, S: and Y: Jump
simultaneously.)

We have arrived at (2.20)-(2.24) as characterizations of processes

constructed previously, but these relationships can actually be used to

define Y* and S* in terms of X*. That is, with X* defined in terms

of the primitive sequences (uf) via (2.8), (2.9), (2.12) and (2.18),
there exists a unique pair of processes (Y*,S*) that jointly satisfy
(2.20)-(2.24). Thus (2.20)-(2.24) implicitly define an operator which maps
X* into (Y*,S*), In the next section we use relationships analagous to

(2.20)-(2.24) to define a pair of processes (U,Z) 1in terms of a




two-dimensional standard Brownian wotion W. Donsker's Theorem [2] tells
us that X* converges weakly to W as b + =, and then the continuous

mapping theorem [2] can be used to show that

(X®, Y%, S%) = (W,U,Z) as b» s,

L‘ where => denotes weak convergence in a seven-fold product space. We
shall not go further into the convergence argument here, referring the

interested reader to Wenocur [7]. The remainder of this paper is devoted

AR AR il

to construction and characterization of the diffusion limit Z.

3. The Limiting Diffusion Process

Let W(t) = [Wy(t), Wa(t)] be a two-dimensional standard Brownian
motion (independent components with zero shift and unit variance).

Defining a = 1/0 as in (2.22), we wish to construct processes

u(t) = [Uo(t), U (t), Uy(t)] and Z(t) = [z,(t),zz(t)] which jointly
satisfy

(3.1) U, 1s continuous and non-decreasing with Uk(O) =0 (k=0,1,2,),

(3.2) 21(1:) = '1(t) + U1(t) - Uo(t) ’

(3.3)  Z,(t) = Wy(t) + Uy(t) - AU (L) ,

(3.8) 0<Z,(t) <1 and Z,(t)>0,

10
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(3.5) é Z1(s) dU1(s) = é [1-Z1(s)] dUo(s) = é Zz(s) dUz(s) =0

for t > 0. Condition (3.4) says that Z lives within the semi-infinite
strip & pictured in Figure 2. Obviously (3.5) requires that U,
increase only when l’ = 0, that Uo increase only when Z1 = 1, and that
U2 increase only when Z2 = 0. Conditions (3.2) and (3.3) determine the
direction in which Z 1is driven upon hitting the boundary of E. On each
of the three boundary surfaces we have reflection in the (constant)
direction pictured in Figure 2 above.

For each (continuous) sample path W there is in fact a unique pair
of samble paths (U,Z) satisfying (3.1)-(3.5). The argument goes as
follows. If we delete all mention of U2 and Z2 in (3.1)-(3.5), the
remaining conditions are those which define Z{ as a one-dimensional
standard Brownian motion restricted to [0,1] by reflecting barriers; U1
and Uo are increasing processes (local time processes) associated with
the lower boundary and upper boundary respectively. For a construction of
Uy and U, in terms of W, see §5 of (5]. With Uy, and U,

determined, one may argue as in §2 of [3] that the remaining requirements

of (3.1)-(3.5) are uniquely satisfied by taking

(3.6) Uy(t) =  sup  [-Wy(s) + aU,(s)]*, t>o0 .
0<s<t

This construction of (U,Z) from W 1is valid for any staring state W(0)
= (x4,x,) € L. Holding {(W(t) - W(0), t > O} fixed, it can be verified
that

1"
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(3.7) Z,(t) and Z,(t) are non-decreasing functions of both x,

and x, for all t 2 0.

Using an argument like that in §2 of [3], 1t follows that Z 1is a Markov

process, and we shall denote by P,(e) the distribution on the path

space of 1 corresponding to initial state Z(0) = W(0) = x. From (3.6) we

have that

(3.8) Ft(x,y) z Px{l(t) <y} 1is non-increasing in both x, and

X2

for all t >0 and y ¢ I.

The process U satisfying (3.1)-(3.5) 1s non-anticipating with

respect to W. Thus Z {is a continuous semimartingale, using the

filtration generated by W, and we can develop its analytical theory using

the multidimensional Ito Formula.

For functions f : RZ + R that are

twice continuously differentiable, we define the differential operators

2 2
d d
AE-—2-+—2-
Oxqy dx '
1 2
.0 -0 _ .. =
I i Tk il T e

Defining the boundary surfaces

20 - {(x1,x2) € 2 H x1 = 1} [

L= {(x1,x2) €Ltx,= 0} ,

and

L, ((x1,xz) €L tx,s= o,

- PEPTIS SR I DO PR VI S Y

12




-

-

-

ARCIEAG § oy Im————

"3 atatatatatatas

T T o — gt an SC St o e ” v . "
------------- [T S P N T A T I e T R A T L T

..................................................

- -

we observe that Dif is the directional derivitive of f in the
direction of reflection associated with Iy (see Figure 2). The
following proposition is virtually identical to Theorem 2 of [3], so we

shall not prove it.

(3.9) Proposition. If f : RZ2 » R 1s twice continuously differentiable,

then for all A and t >0

2 t
St rz(e)) = 1z + T [ 52 r(z(s)) aw(s)
k=10 k
toas 1
+(f, e (A + 5 A) f(Z(s)) ds

+

toas
I L% 0 ez w

&MN

Here the integrals involving dWy are of Ito type, while those involving
dU, are defined path by path in the Riemann-Stieltjes sense.

(3.10) Proposition. Ex[Uo(t)] ~ -;- t, Ex[u1(t)] ~-;- t, and Ex["z(t)] ~ g t

as t+ o (x el

Proof. Set A =0 and f(x1,x2) = X4 in (3.9). Then (A+l)f =0,

-Dof = D1f =1, and O,f = 0. Moreover, the Ito integrals have zero expec-

2
tation, because their integrands are bounded. Thus, taking E, of both

sides, we obtain
(3.11) EX[Z1(t)] = Xy ¢ Ex[Ui(t)] - Ex[Uo(t)] .

Similarly, by taking A = 0 and f(x) = xp we have

13
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Taking E, of both sides in (3.16), dividing by t and letting t + =

gives (3.14), thus completing the proof.

(3.17) Proposition. Let A >0, a e (0, x/2) and B> O be constants,
let f(x) = cos(al{'~-x1)) exp(Bx), and define M(t) = exp(At) f(Z(t)),

t > 0. If the constants A, a, B simultaneously satisfy

(3.18) A +g@2ad) =0,

(3.19) asina -aBcosa=0,

then the stopped process {M(t A T), t > 0} is a supermartingale, where
(3.20) T=1inf{t >0: Zz(_t) = 0} .

Remark. The stopped process is in fact a martingale, but we shall only
need the weaker property, and it is slightly easier to prove.

Proof. First observe that

(3.21) Dof(1,x2) =0,

regardless of how A, a and B are chosen, and that (3.18) and (3.19)

imply

(3.22) (A + 58) flxg x)) =0 ,
and

(3.23) D,f(0,x,) = 0

15
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respectively. Combining (3.21)-(3.23) with the fact that Ux(T) = 0, we
see that all terms on the right side of (3.9) except for the Ito integrals
are zero, provided t < T. Thus {M(t A T)} 1is a local martingale. But
f 1is a positive function, hence M 1s a positive process, and a positive
local martingale is a supermartingale (Fatou's Lemma). This completes the

proof.
(3.24) Propositon. E,(T) <« for all x e T, where (3.20) defines T.

Proof. First we show that there exist constants A > 0, a € (0, x/2) and

B > 0 satisfying (3.18) and (3.19). Obviously (3.19) is equivalent to

(3.25) p=—tana .

Substituting this into (3.19), we arrive at the requirement that

(3.26) oa) = a?(1 - a2 tanl a) = 22 .

It can be verified that ¢(0) =0, ¢'(0) > 0, and ¢(a) + -» as «a 4 ®/2,
so there exists a ¢ (0, n/2) satisfying (3.26) if A > O is chosen small
enough. Choosing B according to (3.25), we then have a triple (A,«,B)
satisfying the hypotheses of Proposition (3.17). Thus M(t A T) is a
supermartingale, meaning that E,[M(0)] > E[M(t A T)], which is

equivalent to

.21 00 2 E LM pzie A 1)1 3 € [MET)] cos a .

Letting t ¢+ » 1in (3.27) gives

16
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(3.28) Ex(eu) £ f(x)/cos a

which of course implies E,(T) <= as desired.

4, The Analytical Problem

. Hereafter it will be assumed that W(0) = Z(0) = 0, and the symbols
S P(e) and E(+) will be understood to mean Pg(e) and Eg(-)
respectively. Similarly, recalling the notation Ft(x,y) = Px{Z(t) <y},

let us agree to write

NP SRR

(&.1) Foy) = P(Z(t) <y} = Fu(0,y) .

Because the origin is the least element of our strip I (under the usual

vxlvrirr'< y
. AR
. e Testidts ettt

i I SO ( DRCITONE
- k. - Lofi et ata Y ~ --e

partial ordering), it follows from the monotonicity property (3.8) that

Z(t) 1is stochastically increasing in t, meaning that F¢(y) is a

AN

PR

non-increasing function of t for each y ¢ I. Consequently,

(4.2) F(y)

lim F (y)

tr e

exists, and it follows from Proposition (3.24) that F must furthermore be
a non-defective distribution function. Our objective is to compute the

marginal distribution

(2D 0 R e 4

- (%.3) G(Z) =F(1,8) = lm P(Z(t) <}, £20 .

> t-b [ ]

Incidentally, there is an elegant coupling argument which shows that
Fe(x,y) » F(y) as t » « for all starting states x ¢ I, but we shall

have no need for this fact. (The key observation is that if two sample

N 17




Ii paths of W have different starting states but identical increments, then
3

the corresponding paths of Z will interesect at some finite time T and

be identical thereafter.)
We now want to derive an analytical characterization of the
steady-state distribution F. A useful first step is to define the

functions
2 t
(&.4) H (v) = ?E[(f) 1{Zz(s)iu} v (s)] , t>0 .

Obviously, Hy(+) 1s increasing with H,(=) = 2E[U4(t)]/t, which one
can easily show to be finite. Proposition (3.10) shows that Hg(=) » 1

as t o+ =,

(4.5) Proposition. H, = H as t +» =, where H 1is a distribution

function on [0,=) with

(8.6) fuH(du) =/ [1 - Hu)] du ’31‘ .
0 0
fFurthermore,
4
(4.7) G(Z) = a é [1 - H(u)]ldu .

Proof. It will be useful to define the distribution functions

(8.8)  G.(2) = P{Zy(t) < T} = F.(1,2) , £20 .

18
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Let « > 0 be arbitrary, put into (3.9) the test function f(xq1,x2) =
exp(-ax2), and take E(e) of both sides. The Ito integrals have zero
expectation (integrands are bounded), Dyf = 0, D4f = aaf, sz(x1,0) = -a,

and Af = azf, s0 we have

(4.9) Efe ]=1 +%¢ E[{) e ds)]

t -alz(s)
+ aaE[£ e du,(s)] - aE[U,(2)] .

Set G:(a) = I[O -] e % Gt(dt), and let other Laplace transforms be
 J

denoted similarly. Since Gy => G, the continuity theorem gives

1 t -aZz(s) 1.t -aZZ(s)
(4.10) TEU e ds] =?I E[e ] ds
0 0
1 t * *
=T [ Gyla) ds » G (a) as tee
0
Of course
1 1
(4.11) T E[Uz(t)] +za as t+eo

by (3.10), and a monotone class argument gives

t -alz(s)

1 *
(4.12) -t-E[(f) e H (a) .

(L]
N =

1 -af
du.(s)] = e % H_(dg)
1 2 {o,-) t

Dividing (4.9) through by t, letting t + =, and using (4.10)-(4.13), we
obtain H:(a) +1-a G*(a)/a as t+ =, Thus Ht => H, where H s an

increasing function whose Laplace transform is related to that of G via

19




(4.13) ¢ (a) = 2. H'(a)] .

Since G 1is a distribution function it follows from (4.13) that H 1is
also a distribution function with mean given by (4.6). Finally, (4.13) is

the transform version of (4.7), so the proof is complete.

For the next proposition, we want to insert in the Ito Formula (3.9)

test functions f : £ + R such that

(4.14) f {is twice continuously differentiable, with bounded first
and second-order partials on I, and Dof(1,x2) =

(4.15) Proposition. If f satisfies (4.14) then

(4.16) 0 = [ Af(x) F(dx) + { D1f(0,u) H(du) .
I

0,)

Proof. Set A =0 1in (3.9) and take E(¢) of both sides. The Ito

integrals have zero expectation (bounded integrands), and Dof(1,x2) =
sz(x1,0) = 0 by hypothesis, 3o we obtain

20
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Since vi concentrates all of its mass on I by (3.5), we can

rewrite (4.18) as

2
(#.20) 0=[3atg(x) Fldx) + § | DB f(c) vy (do) ,
S k=0 Zk
and (3.10) shows tht vo(zo) = v1(21) = 1/2 and vZ(ZZ) = a/2. Obviously,
(4.15) specializes (4.20) to test functions f of the class (4.14), with
H(u) = 2v4[0,u). For more on adjoint relations like (4.20) see §9 of
[a].

5. The Steady-State Distribution

By putting a well chosen test function f into the adjoint relation
(4.15), we can determine the steady-state boundary distribution H defined
by (4.")-(4.5). Let

(5.1) ¢’ (2) 12U Hiau) , Im(z) >0,

fo,e)

(5.1) 0 (2) e 12%(au) , In(z) >0,

fo,e)

(5.3) Proposition. ¢* and ¢~ are bounded, analytic in the upper
half-plane and lower-half plane respectively, and satisfy
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¢ (z) acosh z -1 sinh z

(5.4) 0+(Z) “acosh z +1 sinh 2z

for z real .

Proof. The boundedness and analyticity follow immediately from the

definitions (5.1), (5.2). To prove (5.4), let z ¢ R be arbitrary and

define
for xe¢ L.

f(x) cosh izx, cosh z(1-x1) ’

It is easy to verify that f satisfies all the restrictions of (4.14),

plus Af = 0, so (4.15) gives us

(5.5) 0= {o ) D,f(0,u) H(du) .
st

(This is actually a pair of identities, one for the real part of Dqf
and one for the imaginary part, but we shall continue to use the efficient

notation of complex variables.) Now direct computation gives

_ (D )
(5.6) D,f(0,u) = (W1 - a 3-5) £(0,u)

= - z sinh z cosh 1zu - aiz cosh z sinh 1izu

- %-z[(sinh z + al cosh z) e!®V (sinh z - ai cosh 2z) e'izu]

fzu

izu] .

%-iz[(a cosh z + 1 sinh z) e™"“" - (a cosh z - { sinh z) e

Substituting (5.6) into"(5.5) and dividing in the obvious way gives the
desired identity (5.4).
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Using the identity I(a) r'(1-a)

x/sin(xa), we divide (5.11) by (5.10) to
obtain

¢ (z) _sin(e-1z)
(5.12) v (2) = sin(e+iz) °

Expanding the sines on the right side of (5.12), we find that (5.4) holds
with (¢*,4") 1in place of (4*,¢6"). Furthermore, p is positive and
integrable on (0,«), so (¢*,4~) have all the properties ascribed to
(6*,6~) 1in Proposition (5.3).

(5.13) Proposition. ¢*(z) = c4*(z), where c 1is defined by (1.2). Thus
H(du) = cp(u)du.

Proof. Let k(z) = ¢*(2)/¢*(z) for Im(z) > 0, k(z) = ¢~(z)/¢™(2) for
Im(z) < 0. These two definitions agree for real 2z because (4*,47) and
(¢*,4~) both satisfy (5.4). Recall that the T function has no zeros,
and its singularities are poles on the negative real axis, cf. 6.1.3 of
Abramowitz and Stegun [1]. From this and the analyticity of ¢*, ¢~, ¢,
¢~ on their respective half planes, it follows that k(z) {s an entire

function of z. Further,
b-a
(5.14) r(z+a) z° “/r(z+b) » 1

as |z| +® 2#<-a-n or -b-n (n =0, 1, ...), cf. 6.1.4 of Abramowitz

and Stegun [1]. From (5.10) and (5.11) we then have

(5.15) lo*@)] 2 viz| "2/ as |z] + =, I2) 20,
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(5.16) [o"@]| 2v)2| 2% as 2] + - W) <0,

for some constant y > 0. Since ¢* and ¢~ are bounded in their

respective half-planes, it follows that
(5.17) | k)] < Ajz| 2/ s || » e
. - »

for some constant A > 0. Since 0 < 1-20/x < 1, it follows from (5.17)
and Liouville's Theorem that such an entire function k(z) 1is a constant.
So ¢+(z) = c¢*(z) for some ¢ > 0. Of course ¢*(0) = 1 by definition
(¢* 1is the characteristic function of a probability distribution), so it
must be that ¢ = 1/¢*(0), so (5.10) shows that c 1is given by (1.2) as
claimed. This proves the first statement of the proposition, and the

second follows from the continuity theorem for characteristic functions.

The preceeding argument gives no hint of the means originally used to
calculate p, which was roughly the following. First the right side of
(5.4) was factored into products of zeros, using the Hadamard product
formulas for the numerator and denominator individually. The individual
factors were allocated to ¢* and ¢~ so as to insure analyticity in the
upper half-plane and lower half-plane respectively, and then the Euler
product for I was used to obtain (5.10) and (5.11). Finally, a partial
fraction decomposition and sum revealed that ¢* 1is the characteristic
function of the density p defined by (1.3).

To obtain the final formula for G stated earlier as Theorem (1.4),
one simply combines (5.13) and (4.7). The equivalent Laplace transform
solution (1.5) is obtained by combining (#.13), (5.13) and (5.10).
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and it jumps upon hitting the boundary. If the boundary is hit at a point
(x,1), then there is an instantaneous jump to the point (x-aec sgn x, 1-¢),
after which the Brownian movement resumes. If the boundary is hit at

(xy =1), then the jump is to (x-ae sgn x, -1+e). Let T, be the nth
time at which the boundary is hit, and set X, = X(T,). We claim that

{xn} 1s a Markov chain, that it has a unique stationary distribution, and
that the stationary distribution of |xn| converges weakly to the boundary
distribution H of §4 as ¢ + 0. We shall make no attempt to justify any
of these claims, hoping that the symmetry apparent in Figure 3 makes them
at least plausible.

Hereafter assume that the initial state of (X,Y) is distributed
randomly over the boundary of the strip according to the stationary
distribution of {X,}. Then the transition mechanism for our stationary
Markov chain {X;} can be expressed as

(6.1) X

net = %y - % 390 X+ L

n+l ?

where I,,1 is the increment of Brownian movement (in the X direction)

between consecutive hittings of the boundary. Defining

(6.2) ¢ (2) = E[exp(12X )] ,
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h (6.3) 6,(2) = Elexpltzz,,]

we have from (6.1) that

(6.4) oe(z) = 4::(1) E{exp[iz(xn - ac sgn xn)]) ’

because {X,)} 1is stationary and Z,,.1 1s independent of X, (using
the spatial homogeneity of Brownian motion). Next, using the fact that

M(t) = exp{iz X(t) + zY(t)} , t>0,

is a martingale for arbitrary complex 2z, one can easily derive the formula

(6.5) 4’:"’ = cosh(z(1-€))/cosh z .

Now defining

(6.6) 0:(2) = E[exp(lzlxn’)] ’

(6.7) 0;(1) = E[exp(lzlxn,)] ’

symmetry and (6.2) give us

1 .+ |

(6.8) ¢.(2) =5 9¢.(2) +50.(2)
(6.9) E{exp[iz(xn - ac sgn Xn)]}
:' - _;_ 0:(1) o-lzae | }1_ 0;(1) olzae
3
1 Substituting (6.5), (6.8) and (6.9) into (6.4) and simplifying, we obtain
g
. 2

..............




_ ¢;(z)
. 0:(1)

cosh z - exp(-izae) cosh(z(1-¢))

(6.10) * cosh z - exp(lzac) cosh(z(1-¢))

Let ¢*(z) and ¢-(z) be defined in terms of H as in §5. If the

stationary distribution of |[X,| converges weakly to H as ¢ + 0, as

claimed earlier, then of course ’;(l) + Q;(z) and 0;(1) + ¢~(z) as
€ + 0. Assuming the weak convergence, we may then let ¢ + 0 in (6.10) to
L" obtain (5.4).
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